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Abstrat
The semilassial Coulomb exitation interation is at times expressed in the Lorentz gauge in
terms of the eletromagneti elds and a ontribution from the salar eletri potential. We point
out that the potential term an make spurious ontributions to exitation ross setions, espeially
when the deay of exited states is taken into aount. We show that, through an appropriate
gauge transformation, the exitation interation an be expressed in terms of the eletromagneti
elds alone.
∗
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Introdution
Coulomb exitation has proven itself as an important tool for studying the struture of
both stable and exoti nulei[1, 2, 3, 4℄. The phenomenon has been well-studied in a nonrel-
ativisti ontext[5℄ and studied perturbatively in a relativisti one[6℄ by Alder and Winther.
More reent experimental studies have shown the need to onsider multiple Coulomb exi-
tation at relativisti energies[2, 3, 4℄ and, although the formalism of Ref. 6 an be extended
to permit suh alulations, it is not easy to implement[7, 8℄. An alternative semilassial
form of the Coulomb exitation interation was presented in Ref. 9 and rened in a more
reent analysis[10℄. There, the Coulomb exitation interation is expressed in the Lorentz
gauge in terms of the eletromagneti elds and the salar eletri potential. This mixed
representation of the interation yields the results of Winther and Alder when used pertur-
batively and is adequate for desribing single and multiple exitation of states of zero width
at inident energies lower than about 2 GeV/nuleon, where the results are almost idential
to those obtained by diretly using the eletromagneti elds, as in a lassial treatment of
the problem. At higher energies, oupled hannel alulations in the mixed and eld rep-
resentations yield results that are inreasingly disrepant, as the exitation ross setion of
the mixed representation quikly grows to absurdly large values. Similar disrepanies have
also been observed in a reent omparison of relativisti Coulomb exitation in the Lorentz
and Coulomb gauges[11℄.
Eletromagneti proesses, suh as Coulomb exitation, should be gauge-invariant. Trun-
ation of the oupled-hannels model spae an spoil this invariane however[12℄, permitting
spurious, but gauge-removable terms, suh as the potential term in the Lorentz interation,
to ontribute to the ross setions. Baltz, Rhoades-Brown and Weneser have seen similar
large eets in their extensive study of e+e− prodution[13, 14, 15℄ and have found as well
that, when performed with are, an appropriate gauge transformation an greatly simplify
alulations.
In the ase of the mixed interation of the Lorentz gauge, the eets of the spurious
potential term are exaerbated even further when the exited states are allowed to deay.
The mixed representation then yields large, unphysial ross setions at all inident energies,
due to the loss of ux after exitation by the long-range potential term. The prodution
ross setion of the deay produts of a dipole transition, in partiular, grows as the square of
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the Lorentz fator γ. This makes a treatment of multiple Coulomb exitation inorporating
utuation ontributions, suh as those of the Brink-Axel type [16, 17, 18, 19℄, unviable in
the mixed representation, sine nite widths are a fundamental omponent of suh models.
In the following, we rst provide an estimate of the prodution ross setion of the de-
ay produts of a dipole transition indued by the long-range potential term. We then
demonstrate, through an appropriate gauge transformation, that the Coulomb exitation
omponent of the interation an indeed be expressed in terms of the eletromagneti elds
alone. Aside from making a satisfying parallel with the lassial ase, the pure eld rep-
resentation of the exitation interation, known as the multipolar or Poinaré gauge[20℄,
provides physially reasonable ross setions even when the exited states deay[18℄. A sim-
ilar expression has been used in the treatment of Coulomb exitation of plasmon resonanes
in metalli lusters[21℄.
The Semilassial Coulomb interation
In the usual semilassial approximation to heavy-ion sattering, the relative motion is
desribed by a lassial trajetory. The projetile-target interation is then a time-dependent
funtion determined by this trajetory. The semilassial form of the eletromagneti inter-
ation Hamiltonian is given by
V (t) =
∫
d3x
(
ρ(~x, t)ϕ(~x, t)−
1
c
~J(~x, t) · ~A(~x, t)
)
, (1)
where ϕ(~x, t) and ~A(~x, t) are the salar and vetor eletromagneti potentials due to the
projetile, for whih
~E(~x, t) = −∇ϕ(~x, t)−
1
c
∂ ~A(~x, t)
∂t
and
~B(~x, t) = ∇× ~A(~x, t), (2)
and ρ(~x, t) and ~J(~x, t) are the harge and urrent density operators of the target nuleus. In
high-energy ollisions, one usually uses the Liénard-Wiehert potential, whih is the retarded
eletromagneti potential, in the Lorentz gauge, of a harged partile moving on a straight
line trajetory.
In Ref. 9, the Liénard-Wiehert potential was used to obtain the Coulomb interation
for multipole exitation of a target nuleus in a mixed representation that depends on both
the eletri eld and the salar eletri potential. The interation induing transverse dipole
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exitations is written in terms of the eletri eld alone. Due to the ontribution of the
vetor potential, the interation induing longitudinal transitions also inludes a potential-
like term. It an be written as
V1‖(b, t) = V0
[
γvt
(b2 + (γvt)2)3/2
− e−iωt
βγ
c
d
dt
(
eiωt
(b2 + (γvt)2)1/2
)]
, (3)
with b being the impat parameter, v the projetile veloity, ~ω the exitation energy,
β = v/c and γ the assoiated Lorentz fator. The quantity V0 represents the produt of the
projetile harge, the matrix element for dipole exitation and numerial fators. (Note that
the fator E2(τ) dened in Eq. (26) of Ref. 9 must be divided by τ
2
to provide the orret
expression, whih an be found in Ref. 22.)
Let us now onsider the time evolution of three states: the ground state, the longitudinal
dipole mode exited by Coulomb exitation and the residual state fed by the deay of the
latter. The time evolution equations of the ground-state and dipole-mode amplitudes, a0(b, t)
and a1‖(b, t), respetively, an be written in the interation piture as[18℄
i~
d
dt
a0(b, t) = V1‖(b, t)e
−iωta1‖(b, t)
i~
d
dt
a1‖(b, t) = V1‖(b, t)e
iωta0(b, t)− i
Γ
2
a1‖(b, t), (4)
where Γ is the width of the dipole resonane. The residual state is fed inoherently by the
deay of the dipole mode. The time evolution equation for its oupation probability an
be written as
dPdec
dt
(b, t) =
Γ
~
∣∣a1‖(b, t)∣∣2 . (5)
Coupled oherent-inoherent evolution equations suh as these an be onsistently formu-
lated in terms of the density matrix, as shown in Refs. 18 and 19. The formulation above
is suient for our purposes here.
Sine the interation tends to zero as b → ∞, rst order perturbation theory is valid at
large values of the impat parameter, where depletion of the ground-state and oupation
of the longitudinal exitation an be negleted on the right side of the equation. We an
then approximate the amplitude for exitation of the longitudinal mode by retaining only
the seond term in V1‖(b, t), whih dereases as b
−1
, as
a1‖(b, t) ≈ −
i
~
∫ t
−∞
ds V1‖(b, s)e
iωs
(6)
= iV0
βγ
~c
eiωt
(b2 + (γvt)2)1/2
+O
(
1
b3
)
.
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It is lear that the ontribution of the 1/b term vanishes as t → ∞ and that it thus makes
no net ontribution to the exitation, when no ux is absorbed from the exited mode and
ground-state depletion is negligible. These are the assumptions used in the usual perturba-
tive alulation of the asymptoti amplitude. When the dipole mode deays, however, this
term does ontribute to the oupation of the residual state, with the asymptoti oupation
probability of that state being
Pdec(b) =
Γ
~
∫ ∞
−∞
dt
∣∣a1‖(b, t)∣∣2 (7)
≈
βγ
b
ΓV 20
(~c)3
.
Using this perturbative probability, we an estimate the ross setion for prodution of the
deay produt to be at least
σdec ≈ 2π
∫ bmax
bmin
Pdec(b) bdb = 2πβγ
ΓV 20
(~c)3
(bmax − bmin) , (8)
where bmin is the minimum value of the impat parameter at whih the perturbative approx-
imation is valid and bmax = γv/ω0 is determined by limiting the impat parameter to values
for whih the adiabatiity parameter ξ = ω0b
γv
is less than one[6℄, with ~ω0 the minimum
value of the exitation energy onsidered as ontributing to the dipole mode. The resulting
ross setion thus grows with energy as γ2.
The absurd result furnished by the above estimate is onrmed by the full oupled-
hannels alulations given in the table. The alulations were performed for the system
208
Pb +
208
Pb using the three hannels desribed above, with a dipole exitation energy of
~ω = 13.4 MeV, a redued matrix element in aord with the giant dipole resonane sum
rule and a minimum exitation energy of ~ω0 = 8 MeV. We have labeled the ross setions
of the table as dipole-mode exitation ross setions. In the ase of zero-width, they are in
fat the ross setions for exitation of this mode. In the ase of nite width, the values
represent the ux that was exited to the dipole mode to later deay to the residual state.
Similar alulations were reported in Ref. [22℄. Comparison of their zero-width results
with ours and with those of Ref. [24℄ leads us to onlude that they performed the alula-
tions with the pure eld form that we are advoating. The trend of their nite-width results
also leads us to infer that they took the width into aount in the deay of the dipole mode
but not in its exitation.
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Table I: Dipole mode exitation ross setion of
208
Pb inident on
208
Pb using the pure eld and
the mixed (Lorentz) representations of the interation.
Representation Γ(MeV) σ(b) at 1 GeV/nuleon σ(b) at 10 GeV/nuleon
eld 0 4.26 13.98
eld 4 4.53 13.73
mixed 0 4.46 98.84
mixed 4 15.09 334.06
We thus onlude that the spurious potential term in the interation produes absurdly
large ross setions when deay of the exited state is taken into aount. Even when the
width of the state is zero, this term, abetted by depletion of the ground-state, introdues
ontributions that inrease with inident energy and also lead to absurdly large ross setions,
suh as those at 10 GeV/nuleon shown in the last olumn of the table. The unphysial
results in both ases are attributable to the unphysial 1/b term in the trunated oupled-
hannels alulations. We an also argue against suh a term on simple physial grounds:
we expet the polarization that produes the exitation of the target nuleus to depend on
the gradient of the potential, that is the eletri eld, rather than the potential itself. In
the following, we will show how the eletromagneti interation Hamiltonian an be reast
in a more physial form.
Expansion of the interation Hamiltonian
We want to obtain the rst few terms ontributing to the interation in the expansion of
the eletromagneti elds about the enter of the target nuleus, ~x = 0. Suh an expansion
is reasonable if the elds are slowly varying over the extent of the nuleus.
We thus take∫
d3x ρ(~x, t)ϕ(~x, t) ≈
∫
d3x ρ(~x, t)
(
ϕ0(t) + ~x · ∇ϕ0(t) +
1
2
~x~x · ∇∇ϕ0(t) + · · ·
)
(9)
and ∫
d3x ~J(~x, t) · ~A(~x, t) ≈
∫
d3x ~J(~x, t) ·
(
~A0(t) + ~x · ∇ ~A0(t) + · · ·
)
, (10)
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where the subsript 0 on the elds and their derivatives denotes the evaluation of these
quantities at the point ~x = 0.
Evaluation of the salar potential terms is straightforward. Evaluation of the vetor
potential terms requires a bit more work. We use the ontinuity equation,
∇ · ~J +
∂ρ
∂t
= 0, (11)
to obtain two supplementary identities[23℄:∫
d3x Jk =
∫
d3x
(
∇ ·
(
xk ~J
)
− xk∇ · ~J
)
=
∫
d3xxk
∂ρ
∂t
, (12)
where the integral of the exat divergene is zero due to the nite extent of
~J , and, after a
similar alulation, ∫
d3x (Jkxi + Jixk) =
∫
d3xxkxi
∂ρ
∂t
. (13)
Using the rst of these, we an write∫
d3x ~J(~x, t)· ~A0(t) =
∑
k
∫
d3x Jk(~x, t)A0k(t) =
∑
k
∫
d3x
∂ρ
∂t
xkA0k(t) =
∫
d3x
∂ρ
∂t
~x· ~A0(t).
(14)
Using the seond, we nd, with a bit more work,∫
d3x ~J(~x, t) · (~x · ∇) ~A0(t) =
1
2
∫
d3x
∂ρ
∂t
~x · (~x · ∇) ~A0(t) +
1
2
∫
d3x
(
~x× ~J
)
·
(
∇× ~A0(t)
)
.
(15)
Putting all the piees together, we have
V (t) =
∫
d3x
(
ρ(~x, t)ϕ(~x, t)−
1
c
~J(~x, t) · ~A(~x, t)
)
(16)
=
∫
d3x ρ(~x, t)
(
ϕ0(t) + ~x · ∇ϕ0(t) +
1
2
~x~x · ∇∇ϕ0(t) + . . .
)
−
1
c
∫
d3x
∂ρ
∂t
~x ·
(
~A0(t) +
1
2
(~x · ∇) ~A0(t) + . . .
)
−
1
2c
∫
d3x
(
~x× ~J
)
·
(
∇× ~A0(t)
)
+ . . .
The unphysial long-range ontribution to the exitation interation of Ref. 9 an be traed
to the term ontaining the time derivative of the harge density, ∂ρ/∂t.
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The Gauge transformation
We would now like to eliminate the terms ontaining the time derivative of the harge
density, ∂ρ/∂t, in Eq.(16). We an do this by making the gauge transformation Λ(~x, t) given
by the fator multiplying this term,
Λ(~x, t) = −~x ·
(
~A0(t) +
1
2
(~x · ∇) ~A0(t) + . . .
)
= −
∫
1
0
du ~x · ~A(u~x, t). (17)
The vetor potential that results from the gauge transformation an be expanded as
~A′(~x, t) = ~A(~x, t) +∇Λ(~x, t) (18)
= −
1
2
~x×
(
∇× ~A0
)
+ . . . ,
while the transformed salar potential an be expanded as
ϕ′(~x, t) = ϕ(~x, t)−
1
c
∂Λ
∂t
(19)
= ϕ0(t) + ~x ·
(
∇ϕ0(t) +
1
c
∂ ~A0
∂t
)
+
1
2
~x~x · ∇
(
∇ϕ0(t) +
1
c
∂ ~A0
∂t
)
+ · · · .
We an then rewrite the interation as,
V (t) ≈
∫
d3x ρ(~x, t)
(
ϕ0(t) + ~x ·
(
∇ϕ0(t) +
1
c
∂ ~A0
∂t
)
+
1
2
~x~x · ∇
(
∇ϕ0(t) +
1
c
∂ ~A0
∂t
)
+ · · ·
)
−
1
2c
∫
d3x
(
~x× ~J
)
·
(
∇× ~A0(t)
)
+ · · · , (20)
whih we an express in terms of the eletromagneti elds
~E0 and ~B0 at ~x = 0 as
V (t) ≈
∫
d3x ρ(~x, t)
(
ϕ0(t)− ~x · ~E0(t)−
1
2
~x~x · ∇ ~E0(t) + · · ·
)
−
1
2c
∫
d3x
(
~x× ~J
)
· ~B0(t) + · · · . (21)
If we assume as well that the eld-produing harge does not overlap with the nulear one,
we an write the eletri quadrupole term as
~x~x · ∇ ~E0 =
∑
i,j
xixj∂jE0i =
∑
i,j
(xixj − ~x
2δij/3)∂jE0i, (22)
sine, in that ase, ∇ · ~E0 = 0.
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We an then write the interation in a form that parallels the lassial (Cartesian) mul-
tipole expansion[23℄, as
V (t) = qϕ(t)− ~d · ~E0(t)−
1
2
∑
i,j
Qij∂jE0i(t)− ~m · ~B0(t) + · · · , (23)
where q is the harge,
q =
∫
d3x ρ(~x, t), (24)
~d is the eletri dipole operator,
~d =
∫
d3x~x ρ(~x, t), (25)
the Qij are the traeless eletri quadrupole operators,
Qij =
∫
d3x (xixj − ~x
2δij/3) ρ(~x, t), (26)
and ~m is the magneti dipole operator,
~m =
1
2c
∫
d3x~x× ~J(~x, t). (27)
The multipole expansion does not depend on whether we have inluded magnetization ur-
rents, exhange ontributions or other orretions that determine the detailed struture of
the target harge and urrent densities. The only property of these densities that we have
used is the ontinuity equation, Eq. (11), whih should be valid in any ase.
The multipole expansion given here an be extended to all orders without great diulty.
It an be expressed ompatly as
V (t) = qϕ(t)−
∫
d3x ρ(~x, t) ~x ·
∫
1
0
du ~E(u~x, t)−
1
c
∫
d3x
(
~x× ~J
)
·
∫
1
0
duu ~B(u~x, t). (28)
It satises the gauge ondition ~x · ~A(~x, t) = 0, whih an be rewritten as
∫
1
0
du ~x · ~A(u~x, t) = 0, (29)
(see Eq.[17℄) and is known as the multipolar or Poinaré gauge[20℄. A drawbak to our
formulation is that it has been performed in a Cartesian rather than a spherial basis.
However, the expansion in the spherial basis should be diretly deduible from the Cartesian
one, sine the two are equivalent.
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Disussion
In the physially intuitive form given above, the eletromagneti interation poses no
problem, even when the exitation and deay of resonant states is onsidered. As an example,
we take the Liénard-Wiehert potential due to a relativisti nuleus of harge Z passing on
a straight-line trajetory with veloity v in the zˆ diretion at a distane b0 from the enter
of the harge/urrent distribution of the target. We then have[23℄
ϕ(~b, z, t) = γ
Ze√
(~b−~b0)2 + γ2(z − vt)2
and
~A(~b, z, t) =
v
c
zˆ ϕ(~b, z, t). (30)
The transverse and longitudinal omponents of the eletri eld, whih indue dipole exi-
tation, are
~E0⊥(t) = −γ~b0
Ze(
~b20 + (γvt)
2
)3/2 and E0||(t) = −γvt Ze(
~b20 + (γvt)
2
)3/2 , (31)
and tend to zero as b−20 and b
−3
0 , respetively, as the impat parameter inreases. At high
energies, the exitation is dominated by the transverse modes, whih produe a ross setion
that grows as ln(bmax/bmin), as expeted[6℄.
Bayman and Zardi[24℄ have observed that the mixed representation of the interation
given in Ref. 9 neglets relativisti orretions to the quadrupole and higher multipole
terms, whih beome important at high energies. These are inluded and disussed in their
work and in Ref. 10. They are also taken into aount orretly (and automatially) when
the pure eld representation is used.
As mentioned in the introdution, Bayman and Zardi have also reently ompared alu-
lations of relativisti Coulomb exitation in the Lorentz and Coulomb gauges[11℄. They nd
that the ross setions in the Lorentz gauge inreases dramatially with respet to those in
the Coulomb gauge at energies above about 2 GeV/nuleon. Although the Coulomb gauge
is not equivalent to the one we present here, we suspet that it too might inlude only phys-
ial ontributions to oupled-hannels ross setions. We are of the opinion, however, that
the optimal form of the interation in suh alulations is the one given here, in whih the
exitation interation is expressed in terms of the physial elds and their derivatives.
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Conlusion
We have shown that, through an appropriate gauge transformation, the Coulomb exita-
tion omponent of the semilassial form of the eletromagneti interation an be expressed
in terms of the eletromagneti elds and their derivatives. Aside from making a satisfying
parallel with the lassial ase, the pure eld representation of the exitation interation,
known as the multipolar or Poinaré gauge, provides physially reasonable ross setions,
even when resonane exitation and deay is taken into aount.
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